Estimation of population mean is of prime concern in many studies and ratio estimators are popular choices for it. It is a common practice to use conventional measures of location to develop ratio estimators using information on auxiliary variables. In this article, we propose a class of ratio estimators for a nite population mean using information on two auxiliary variables with the help of some non-conventional location measures. We have incorporated tri-mean, Hodges-Lehmann, mid-range and decile mean of the two auxiliary variables to serve the purpose. The properties associated with the proposed class of ratio estimators are evaluated using mean square error. We have presented eciency comparisons of the proposed class of ratio estimators with other existing estimators under the optimal conditions. An empirical study is also included for illustration and verication purposes. From theoretical and empirical study, we observed that the proposed estimators perform better as compared to the usual ratio and the existing estimators consider in this study.
Introduction
In practice, we may come across dierent variables that oer information on every unit in the population. These variables are classied in two types namely variables of interest and auxiliary variables. The former are of direct interest in a study and are named study variables, while the later are instead employed to improve the sampling plan or to enhance estimation of the study variables. The auxiliary variables are generally associated with the study variables and we may use this information in dierent forms such as ratio, product and regression to mention a few etc. The auxiliary information may be available from dierent sources such as similar studies in past, economic reports, national census etc.
The ratio and regression estimators are used to improve the eciency of the simple random sampling without replacement (SRSWOR) sample mean when there is a positive correlation exist between study variable (the variable of direct interst) and an auxiliary variable under certain conditions (see for example Cochran [7] and Murthy [18] ). When the population parameters of the auxiliary variable, such as population mean, kurtosis, skewness, coecient of variation, median, quartiles, correlation coecient, deciles etc., are known, ratio estimators and their modications are available in the literature which perform better than the usual sample mean under the SRSWOR. For further details on the modied ratio estimators, readers are referred to Abid et al. [1] , [2] , [3] and [4] , Subramani and Kumarapandiyan [29] , [30] , [31] , [32] and [33] , Yan and Tian [37] , Kadilar and Cingi [10] and [13] , Upadhyaya and Singh [35] , and Sisodia and Dwivedi [26] and reference therein.
Consider a nite population Z = {Z1, Z2, Z3, . . . , ZN } of N distinct and identiable units. Let Y , X1 and X2 be the study variable and the auxiliary variables with corresponding values Yi, X1i and X2i, respectively, for the ith unit i = {1, 2, . . . , N } dened on a nite population Z. Let X 1(1) , X 1(2) , . . . , X 1(N ) and X 2(1) , X 2(2) , . . . , X 2(N ) be the order statistics of two auxiliary variables, X1 and X2. The objective is to estimate population meanȲ
Yi on the basis of a random sample by using two auxiliary variables.
The notations used in this paper can be described as follows: 
, Coecient of kurtosis of two auxiliary variables.
Based on mentioned notations, the usual ratio multivariate estimator using information on two auxiliary variables X1 and X2 to estimate the population mean,Ȳ , as follows:
+ γ2ȳX 2 x2 where γ1 and γ2 are the weights which satisfy the condition γ1 + γ2 = 1 andx1,x2 and X1,X2 are, respectively, the sample and populations means of auxiliary variables. The mean squared error (MSE) of the usual ratio estimator based on two auxiliary variables is given by The mean squared error (MSE) of the usual ratio estimator based on two auxiliary variables is given by
The optimum values of γ1 and γ2 are given by
So, the minimum MSE is
Knowledge of two auxiliary variables in the framework of ratio estimators is used in this paper. Using information on two auxiliary variables several modied ratio estimators have been proposed by linking together ratio estimators, product estimators and regression estimators in order to nd better results. For a more detailed discussion on the ratio estimator and its modications using two auxiliary variables , one may refer to Lu and Yan [16] , Lu et al. [17] , Al-Hossain and Khan [6] , Subramani and Prabavathy [34] , Lu [15] , Khare et al. [14] , Perri [20] , Kadilar and Cingi [11] and [12] , Singh and Tailor [24] and [25] , Abu-Dayyeh et al. [5] , Srivastava and Jhajj [28] , Srivastava [27] , Raj [21] and Olkin [19] .
The organization of the rest of the article is as follows: Section 2 provides a description of the existing estimators. The structure of proposed ratio estimator based on two auxiliary variables is given in Section 3. The eciency comparisons of the proposed estimator with the existing estimator are presented in Section 4. Section 5, consists of an empirical study of proposed estimators. Finally, Section 6 summarizes the ndings of this study.
Existing ratio estimators
Singh [23] proposed a ratio estimator using information on two auxiliary variables for estimating the population meanȲ as follows:
The MSE of the estimator suggested by Singh [23] is given below:
Using the known value of correlation coecient of two auxiliary variables Singh and Tailor [25] suggested the following modied ratio cum product estimator
The MSE of Singh and Tailor [25] proposed estimator is given as
where, kyx1 = ρyx 1
Lu and Yan [16] proposed the ratio estimators by using the known values of correlation coecient, coecient of variation and coecient of kurtosis of two auxiliary variables. They showed that their proposed estimator performs eciently as compared to the estimators suggested by Abu-Dayyeh et al. [5] and usual ratio estimator based on two auxiliary variables. The Lu and Yan [16] proposed the following estimatorŝ
The MSE of Lu and Yan [16] proposed estimators are given as
where, i = 1, 2, . . . , 9.
The optimum values of a1 and a2 can easily be found by dierentiating equation (2.3) with respect to a1 and a2 and equating it equal to zero. The optimum values of a1 and a2 are
Hence, the minimum MSE of Lu and Yan [16] estimators are given by
Cx1Cx2) where i = 1, 2, . . . , 9 and the values of constants R1i and R2i are,
Proposed class of ratio estimators
In this section, we propose dierent ratio type estimators using the known information on population tri-mean, mid-range, Hodges-Lehmann, decile mean, coecient of variation, coecient of kurtosis and correlation coecient of two auxiliary variables. The mid-range dened as:
, and M R2 =
, where X 1(1) and X 1(N ) are the lowest and highest order statistics in a population of size N for X1 and X 2(1) and X 2(N ) are the lowest and highest order statistics in a population of size N for X2. It is highly sensitive to outliers as its design structure is based on only extreme values of data (cf. Ferrell [8] for more details). We also include the measure based on the median of the pairwise Walsh averages which is known as Hodges-Lehmann (HL) estimator. The HL estimator is dened as:
The main advantage of the HL is that it is robust against outliers. For more properties of HL (see Hettmansperger and McKean [9] ). The next measure included in this study is the tri-mean (T M ), which is the weighted average of the population median and two quartiles and is dened as:
, and
, where Q 1(p) (p = 1, 2, 3) denote one of the three quartiles in a population for X1 and Q 2(p) (p = 1, 2, 3) denote one of the three quartiles in a population for X2. For detailed properties of T M (see Wang et al. [36] and Abid et al. [1] ). The last measure include in this study is the decile mean (DM ) which is dened as:
,where (9) are the deciles for X1 and X2, respectively. The main advantage of the DM is that it is also less sensitive to extreme values than any other existing measures as well as it depends on the eighty percent of a sample, a population, or a probability distribution. So, it is also referred as a robust measure in this regard (see Abid et al. [2] and [4] for more detail). The proposed ratio estimators based on two auxiliary variables are given below;
The MSE of the proposed estimators are given as
where, j = 1, 2, . . . , 16. The optimum values of k1 and k2 for the proposed ratio estimators can easily be found by dierentiating equation (3.1) with respect to k1 and k2 and equating it equal to zero. The optimum values of k1 and k2 are
Hence, the minimum MSE of the proposed ratio estimators are given by
Cx1Cx2 where, j = 1, 2, . . . , 16 and the values of constant Rp1j and Rp2j are,
It is to be noted that Lu and Yan [16] and the proposed estimators using information of two auxiliary variables are belongs to the following general class of ratio estimators for Y dened as (cf. Lu and Yan [16] )
where (K1, K2) are weights that satisfy the condition, K1 + K2 = 1, T1 ( = 0) , T2 ( = 0) , P1, P2 are either constant or function of known parameters of the population.
To the rst degree of approximation the MSE of general class of ratio estimators forȲ can be obtained as follows: Let us dene, e0 =ȳ
, thenȳ =Ȳ (1 + e0),x1 =X1 (1 + e1) , andx2 =X2 (1 + e2). From the denition of e0, e1 and e2, we get E (e0) = E (e1) = E (e2) = 0, where E e 2 0
The proposed general class of estimatorsŶ gc can be written terms of e0, e1 and e2 aŝ
Ignoring the higher order terms and also subtractingȲ from both sides of equation (3.4), we getŶ gc −Ȳ ∼ =Ȳ (e0 − K1β1e1 − K2β2e2) The MSE of the proposed class of estimators are obtained as follows:
where, β1 = (
The optimum values of K1 and K2 to minimize (3.5) for general class of estimators can easily be found as follows:
So, the minimum MSE of general class of estimators are given by
Eciency comparisons
In this section, the condition for which the proposed ratio estimators will have minimum mean square error compared to usual ratio estimator and existing ratio estimator for estimating the nite population mean have been derived algebraically.
Comparison with traditional ratio estimator.
We compare the MSE of the proposed ratio estimator given in equation (3.2) with the MSE of the classical ratio estimator given in equation (2.1) as follows: [23] ratio estimator. The proposed ratio estimator Y pj will be more ecient than that of [23] ratio estimator i.e.Ŷ S if
Comparison with Singh
where j = 1, 2, . . . , 16. [25] ratio estimator. The proposed ratio estimatorŶ pj will be more ecient than the Singh and Tailor [25] ratio estimator i.e.
Comparison with Singh and Tailor
where j = 1, 2, . . . , 16. [16] ratio estimators. We compare the MSE of the proposed ratio estimator given in equation (3.4) with the MSE of the ratio estimator proposed by [16] given in equation (2.4) as follows:
Comparison with Lu and Yan
where j = 1, 2, . . . , 16 and i = 1, 2, . . . , 9. If the above condition is satised, then the proposed estimatorŶ pj will be more ecient than theŶ i ratio estimator. 
Empirical Study
The performance of the proposed ratio estimators and the existing ratio estimators is evaluated by using two natural populations. The population 1 is taken from Singh and Chaudhary [22] page 177 and population 2 is taken from Murthy [18] page 228. The characteristics of the two populations are given below: The values of constants and the MSE of the existing and proposed ratio estimators using the information of two auxiliary variables are given in Tables 2 and 3 , respectively. It can be observed that the constants and the MSE of the suggested ratio estimators are smaller than the usual ratio estimator and the existing ratio estimators consider in this study (cf. Tables 2-3) . From Table 3 , it is evident that the proposed estimators perform better than the usual ratio estimator and the existing ratio estimators in terms of MSE, which shows that the proposed estimators are more ecient. The comparison of the proposed ratio estimators with the traditional ratio and the existing ratio estimators are also shown by graphically for all the populations considered in this study. From Figures 1-2 , it can be seen that the proposed estimators have smaller values of MSE as compared to the usual ratio estimator and the existing ratio estimators, which indicates that the performance of the proposed estimators are better as compared to the traditional ratio estimator, Singh [23] estimator, Singh and Tailor [25] estimator and Lu and Yan [16] estimators. As in the earlier sections, it is mentioned that measures used in this study such as trimean, mid-range, Hodges-Lehmann and decile mean are robust against outliers. Thus when there is a outlier in the data these measures are perform eciently as compared to other measures of locations. So, in this section, we check the eciency of our proposed estimators in case of outliers. For this purpose, we considered the data of Population 2 and introduced some outliers in this data. From Figures 3 and 4 , we clearly see that there are outliers in the data, so we can except the proposed estimators to perform better than the usual and existing estimators consider in this study.
We obtain the MSE values of the existing and proposed estimators as dened in Sections 2 and 3, respectively by using outliers data. The MSE values of the existing and proposed estimators are given in Table 4 . From Table 4 , it is observed that the proposed estimators have smaller values of MSE as compared to the usual ratio estimator and existing estimators, which indicates that the proposed estimators are more ecient in the presence of outliers.
To show the dominance of the proposed ratio estimators over the existing estimators, we have also found the percent relative eciencies (PREs) for population 2 in case of excluded and included outliers in the data. The PREs of the proposed estimators (p) with respect to the existing estimators (e) is computed as
and are given in Tables 5 and 6 , respectively (see Appendix).
If the percentage relative eciency value found from (5.1) is greater than 100, then it is seeming that the proposed estimators are more ecient as compared to the usual ratio estimator and existing estimators. Therefore, from Tables 5 and 6 , we see that all the proposed estimators are more ecient than the traditional ratio estimator and existing estimators consider in this study. It is to be also noted that the values of relative eciencies of the proposed estimators with respect to the existing estimators in Table 6 would increase dramatically, which shows that the eciencies of the proposed estimators would increase signicantly, if there were more outliers in the data.
Summary and conclusions
The study has proposed a variety of two auxiliary based ratio estimators using tri-mean, mid-range, Hodges-Lehmann, decile mean, coecient of variation, coecient of kurtosis and correlation coecient. It is observed that the proposed estimators outperform the usual ratio estimator and the existing ratio estimators in terms of mean squared error under all the populations considered for the numerical study. Moreover, robustness to extreme observations is an added feature of the proposed estimators. Hence, we recommended the use of the proposed ratio estimators over the usual and other existing ratio estimators, especially in the presence of unusual observations in the data. 
